We study the Josephson transport in a high-T c superconductor/ferromagnetic-insulator(FI)/high-T c superconductor numerically. We found the formation of a π-junction in such systems. More remarkably the ground state of such junction alternates between 0-and π-states when thickness of FI is increasing by a single atomic layer. We propose an experimental setup for observing the atomic-scale 0-π transition. Such FI-based π-junctions can be used to implement highly-coherent quantum bits.
Introduction
There is an increasing interest in the novel properties of interfaces and junctions of ferromagnetic materials and superconductor [1, 2] . One of the most interesting effects is the formation of a Josephson π-junction in superconductor/ferromagnetic-metal/superconductor (S/FM/S) heterostructures [3] . In the ground-state phase difference between two coupled superconductors is π instead of 0 as in the ordinary 0-junctions. In terms of the Josephson relationship, I J = I C sin φ, where φ is the phase difference between the two superconductor layers, a transition from the 0 to π states implies a change in sign of I C from positive to negative.
As for the application of the π junction, a quiet qubit consisting of a superconducting loop with a S/FM/S π-junction has been proposed [4, 5] . In this qubit, a quantum two-level system is spontaneously generated and therefore it is expected to be robust to the decoherence by the fluctuation of the external magnetic field. From the viewpoint of the quantum dissipation, however, S/FM/S junctions are identical with S/N/S junctions (N is a normal nonmagnetic metal). Thus a gapless quasiparticle excitation in the FM layer is inevitable and gives a strong dissipative or decoherence effect [6, 7] . Therefore the realization of the π-junction without a metallic interlayer is highly desired for qubit applications [8, 9, 10, 11] .
Recently we have theoretically predicted that the π junction can be formed in low-T c (LTSC) superconductor / La 2 BaCuO 5 (LBCO) / LTSC junctions [12, 13, 14, 15] . Here LBCO is a representative material of f erromagnetic insulators (FIs) [16] . More remarkably the ground state of such junctions alternates between 0-and π-states when thickness of FI is increasing by a single atomic layer.
However, in order to observe the atomic scale 0-π transition, we have to fabricate the junction with completely flat interface between FI and superconductors. Therefore, from the perspectives of the FI/superconductor interface matching, the usage of high-T c cuprate superconductors (HTSC), e.g., YBa 2 Cu 3 O 7−δ and La 2−x Sr x CuO 4 (LSCO) is desirable, because recent development of the pulsed laser deposition technique enable us to fabricate layer-by-layer epitaxial-growth of such oxide materials [17, 18] . Thus we can expect the experimental observation of the 0-π transition by increasing the layer number of LBCO. In this paper, we investigate the Josephson effect for a HTSC/FI/HTSC junction theoretically and show that the atomic scale 0-π transition can be realized in such realistic oxide-based junctions. We also propose an experimental setup for detecting the atomic scale 0-π transition.
Model
Let us consider a three-dimensional tight-binding squarelattice of a HTSC/FI/HTSC junction with L x and L y being the numbers of the lattice sites in the x and y directions as shown in Fig. 1(a) . The vector
points to a lattice site, where x and y are unit vectors in the x and y directions in the HTSC plane, respectively. The lattice constant is set to be unity. In the x and y directions, we apply the hard wall boundary condition for the number of lattice sites being L x = L y ≡ M. Electronic states in a d-wave HTSC are described by the mean-field BCS Hamiltonian, Here c † r,σ (c r,σ ) is the creation (annihilation) operator of an electron at r with spin σ = ( ↑ or ↓ ) and µ s is the chemical potential. The hopping integral t is considered among nearest neighbor sites and ∆ is the amplitude of d-wave pair potential.
The typical DOS of FI for each spin direction is shown schematically in Fig. 1(b) . LBCO is the one of the representative of FI. In 1990, Mizuno et al, found that LBCO undergoes a ferromagnetic transition at 5.2 K [16] . The exchange splitting V ex is estimated to be 0.34 eV by a first-principle band calculation using the spin-polarized local density approximation [19] . Since the exchange splitting is large and the bands are originally half-filled, the system becomes FI. The Hamiltonian of a FI layer can be described by a single-band tight-binding model [13] as
where V ex = 12t + g (g is the gap between up and down spin band) is the exchange splitting and µ is the chemical potential [see Fig. 1(b) ]. If V ex > 12t, this Hamiltonian describes FI as Fig. 1(b) . The Hamiltonian is diagonalized by the Bogoliubov transformation. The Andreev bound state consists of subgap states whose wave functions decay far from the junction interface. In what follows, we focus on the subspace for spin-↑ electron and spin-↓ hole. In superconductors, the wave function of a bound state is given by
Here ν = 1 (2) indicates an upper (lower) superconductor, A, B, C and D are amplitudes of the wave function for an outgoing quasiparticle, φ ν is the phase of a superconductor,
with Ω lm = E 2 − ∆ 2 lm and ∆ lm = ∆ (cos q l − cos q m ), where q l = πl/(M + 1) and q m = πm/(M + 1). The wave function in the x and y directions is given by
where l and m indicate a transport channel. The energy E is measured from the Fermi energy and
is the complex wave number. In a FI, the wave function is given by 
with
where
and f 1 , f 2 , g 1 and g 2 are amplitudes of wave function in a FI. The Andreev levels
] can be calculated from boundary conditions
for λ = 0 and 1. The Josephson current is related to ε n,l via
where f (ε) is the Fermi-Dirac distribution function. In the case of a high barrier limit (g ≫ t) which is appropriate for LBCO, the Josephson current phase relation is given by I J (φ) = I C sin φ. Thus we define the Josephson critical current I C as I C = I J (π/2).
Numerical results
In this section, in order to show the possibility of π-coupling in such realistic HTSC junctions, we numerically calculate the Josephson critical current I C [Fig. 2] . The tight binding parameters t and g have been determined by fitting to the firstprinciple band structure calculations [19] as g/t = 20. Figure 2 shows the FI thickness L F dependence of I C at T = 0.01T c (T c is the superconducting transition temperature) for a LSCO/LBCO/LSCO junction with V ex /t = 32, ∆ d /t = 0.6, and M = L x = L y = 100. As expected, the atomic scale 0-π transitions can be realized in such oxide-based junctions. The physical origin of this transition can be explained by the thickness-dependent phase shifts between the wave numbers of electrons and holes in FIs as in the LTSC junctions [13] .
It is important to note that in the case of stack HTSC Josephson junctions [20, 21] , no zero-energy Andreev boundstates [22] which give a strong Ohmic dissipation [23, 24, 25] are formed. Moreover, the harmful influence of nodalquasiparticles due to the d-wave order-parameter symmetry on the macroscopic quantum dynamics in such junctions is found to be weak both theoretically [26, 27, 28, 29, 30] and experimentally [31, 32, 33, 34] . Therefore HTSC/LBCO/HTSC π-junctions would be a promising candidate for quiet qubits.
Experimental setup for observing the π junction behavior
We would like to show an experimental setup for observing the π junction and the atomic scale 0-π transition. The formation of the π-junction can be experimentally detected by using a HTSC ring [see Fig. 3 ]. The phase quantization condition for the HTSC ring is given by
where φ 1 and φ 2 are the phase difference across the junctions 1 and 2, Φ is the magnetic flux penetrating through the ring, Φ 0 is the flux quantum, and n is an integer. The current passed through the ring divides between the junctions 1 and 2, i.e., Applied external magnetic flux Φ ext depletes phases φ 1 and φ 2 causing interference between currents through the junctions 1 and 2. For a symmetric ring with I C1 ≈ I C2 = I C and negligible geometric inductance (L = 0), the total critical current as a function of Φ ext is given by
for the case that L F of the both junctions are same. If L F of the junction 1(2) is even and L F of the junction 2(1) is odd, we get
Therefore the critical current of a 0-π (0-0) ring has a minimum (maximum) in zero applied magnetic field [35] . Experimentally, the half-periodic shifts in the interference patterns of the HTSC ring can be used as a strong evidence of the π-junction and also the atomic scale 0-π transition. Such a half flux quantum shifts have been observed in a s-wave ring made with an LTSC/FM/LTSC [36] and a LTSC/quantum dot/LTSC junction [37] .
Summary
To summarize, we have studied the Josephson effect in HTSC/FI/HTSC junctions by use of the three-dimensional tight-binding model. We found that the π-junction and the atomic-scale 0-π transition can be realized in realistic junctions. Such FI based π-junctions can be used as an element in the architecture of ideal quiet qubits which possess both the quietness and the weak quasiparticle-dissipation nature. Therefore, ultimately, we could realize a FI-based highly-coherent quantum computer.
